General semi-rational solutions of an integrable multi-component (2 + 1)-dimensional long-waveshort-wave resonance interaction system comprising multiple short waves and a single long wave are obtained by employing the bilinear method. These solutions describe the interactions between various types of solutions, including line rogue waves, lumps, breathers and dark solitons. We only focus on the dynamical behaviours of the interactions between lumps and dark solitons in this paper. Our detailed study reveals two different types of excitation phenomena: fusion and fission. It is shown that the fundamental (simplest) semi-rational solutions can exhibit fission of a dark soliton into a lump and a dark soliton or fusion of one lump and one dark soliton into a dark soliton. The nonfundamental semi-rational solutions are further classified into three subclasses: higher-order, multiand mixed-type semi-rational solutions. The higherorder semi-rational solutions show the process of annihilation (production) of two or more lumps into (from) one dark soliton. The multi-semi-rational solutions describe N(N ≥ 2) lumps annihilating into or producing from N-dark solitons. The mixed-type semi-rational solutions are a hybrid of higher-order semi-rational solutions and multi-semi-rational solutions. For the mixed-type semi-rational solutions,
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Introduction
The nonlinear interaction of multiple waves leads to a plethora of interesting physical processes [1] [2] [3] [4] . In particular, the interaction between intense high-frequency waves, usually referred to as short waves (SWs), and low-frequency (long) waves has gained much attention since the pioneering work of Zakharov on Langmuir waves [5] . During coupling of such waves resonant behaviour can be observed if their wave numbers, phase and group velocities satisfy some criteria. One typical example for such behaviour is long-wave-short-wave resonant interaction (LSRI). LSRI is a parametric process which manifests when the group velocity ν g of the SW matches the phase velocity ν p of the long wave (LW) ν g =ν p , a condition called the ZakharovBenny condition [6] . In a one-dimensional setting the resonant interaction between SWs and LWs has been extensively studied [5] [6] [7] [8] [9] [10] . The underlying model is the famous Zakharov model [5] , which reduces to the Yajima-Oikawa system (YO) [7] for unidirectional waves. A possible physical configuration to realize a one-dimensional LSRI is a two-layer fluid model describing the interaction of a short surface wave and a long interfacial wave [6] . Later on the evolution equation governing the one-dimensional LSRI interaction process also appeared in nonlinear optics [11, 12] and in spinor condensates [13] , suggesting realistic physical media to observe the LSRI.
The single-component two-dimensional LSRI system for the resonant interaction between a long surface wave and a short internal wave in a two-layer fluid was derived in [14] by using the multiple-scale perturbation method, and the bright and dark soliton solutions have also been reported by using Hirota's bilinearization method. The Painlevé analysis of the single-component two-dimensional LSRI system shows that the system is integrable [15] and some special solutions have been obtained. The rogue wave modes of the two-dimensional LSRI system were obtained in [16, 17] .
The multi-component generalization of the LSRI system, comprising multiple SWs with a common LW, has received considerable research attention recently. In particular, in [18] , the onedimensional two-component YO system has been derived from a physical setting in nonlinear optics described by a three-coupled nonlinear Schrödinger system. Ohta et al. [19] proposed an integrable two-component analogue of the two-dimensional LSRI system by employing the reductive perturbation method, which describes the interaction of the nonlinear dispersive waves in a three-channel wave guide. Also, they obtained special bright soliton solutions in terms of Wronskian determinants by employing the bilinear approach. Following this more general bright soliton solutions of the two-component LSRI system, featuring non-trivial shape-changing collisions, have been obtained in [20] . This system also supports multi-mode dromians [21] and nonlinear periodic waves [22] .
This work deals with the following general M-component (2 + 1)-dimensional LSRI system derived by Kanna et al. [23] by employing a multiple-scale perturbation method,
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, c 11I are real, δ 11 = 1, 0 and δ ( ) = ±1. When one takes δ 11 = 0, γ = 1 and considers the gauge freedom of functions f , g ( ) , it is easy to find that the corresponding semirational solutions reduce to rational solutions of the multi-component LSRI system, which have been discussed in [27] .
For illustrative purposes, we only consider two SW components with M = 2 in these semirational solutions. The solution corresponding to this case, with parameters
can be explicitly expressed as
δ = 1, 0, and γ = ±1. Obviously, when one takes δ = 0, solutions S (1) , S (2) and L become rational solutions given by which are permanent lumps moving on the constant background. In addition, the lump is constant along the [x(t), y(t)] trajectory where
The SW component S (1) has three critical points,
which are identified from the extremum condition ∂|S (1) |/∂x = 0, ∂|S (1) |/∂y = 0. Further, from the value of the following second-order derivatives evaluated at these points:
we note that A
1 corresponds to the maximum of
3 result in a minimum of |S (1) |. Indeed, |S (1) | attains a maximum amplitude 3 (which is three times the background amplitude) at point A Similarly, the SW component S (2) reaches maximum amplitude √ 2 at the points
and attains minimum amplitude 0 at
The LW component L reaches maximum amplitude 2 at points A
3 , and attains minimum amplitude −16 at the point A (1) 1 . When δ = 1, the corresponding semi-rational solutions are composed of a lump and a dark soliton. In this situation, the lump keeps moving with unit velocity along the x-direction as in the case of rational solutions (3.8), while the dark soliton moves with the same speed but in the opposite direction to the lump. Hence, it is inevitable that the lump and the dark soliton will interact with each other at some point. This leads to two contrary phenomena: fusion and fission, which occur depending upon the choice of the parameter γ . Note that the asymptotic behaviours after fission or before fusion of the lump are the same as that of the lump expressed in rational form (3.8) . This has been examined by dynamical simulation. Hence, points A
are also critical points for SW component S (1) and LW component L given in (3.6), and points A
4 are also critical points of the second SW component S (2) . Below, we consider these two unique phenomena exhibited during the interaction between one dark soliton and a lump. 
and the minimum amplitude is found as
The profiles of figure 1 as a function of time t . The three-dimensional time evolution of the semi-rational solutions |S (1) |, |S (2) | and L are given in figure 2. As can be inferred from figure 1, (
16) when t < 0, which shows the permanent existence of the lump on the constant background before its interaction with the dark soliton. However, 1, 0) , which indicates that the lump disappears into the constant background during its interaction with the dark soliton. This striking feature is shown in figure 2 , where a lump and a dark soliton exist when t < 0 (see the panels at t = −5, −1). As time progresses, the lump moves in the opposite direction to the dark soliton and merges with it as t → 0. At larger time, the lump eventually disappears, and there remains only a dark soliton (see the panel at t = 5). In this process, a lump gets annihilated. Hence, for the choice of γ = −1, δ = 1 the semi-rational solution (3.6) exhibits fusion. The time evolution of |S (1) | shown in figure 2 is given in the electronic supplementary material, fig2-1.gif. (ii) Fission. Next we focus on another choice γ = 1, δ = 1 for which the maximum amplitudes of the lump in the semi-rational solution (3.6) are
and the minimum amplitudes are The profiles of
. This shows that a lump appears from the dark soliton, and propagates steadily as t 0. As can be seen from figure 4 , the semi-rational solution is a dark soliton when t 0 (see the panel at t = −5). In the intermediate time, a lump separates from the dark soliton (see the panels at t = 0, 1). At larger time, these solutions describe a dark soliton and a lump, which will continue to travel in opposite directions (see the panel at t = 5). In other words, these solutions describe a phenomenon which is just the opposite to that observed when γ = −1, δ = 1 (figure 2). We refer to this process as fission. The time evolution of |S (1) | shown in figure 4 is given in the electronic supplementary material, fig4-1.gif. 
in all the SW components and the LW component. So we only focus on the behaviour of a particular SW component, say S (1) , in the following context. It is noteworthy that the fascinating phenomenon of fusion of a lump and a soliton has also been demonstrated by a numerical study in the KPI equation [46, 47] . The next natural step is to study the interaction between multi-lumps and multi-solitons which are described by semi-rational solutions with N > 1 or n i > 1 or both. Below, we consider three subclasses of semi-rational solutions, which describe different interaction scenarios between multi-lumps and multi-solitons.
(b) Interactions between multi-lumps and multi-dark solitons
To demonstrate more intricate fusion and fission processes between multi-lumps and multidark solitons, we consider three subclasses of non-fundamental semi-rational solutions. These solutions describe the processes, namely annihilation and creation of multi-lumps.
(i) Subclass 1: higher-order semi-rational solutions
We first consider the higher-order semi-rational solutions resulting for the choice δ = 1, N = 1, n i > 1 in theorem 2.1. These higher-order semi-rational solutions describe either fusion of n i lumps into one dark soliton or fission of lumps from the dark soliton, respectively, for the parametric choices γ = 1 and γ = −1. When γ = 1, the corresponding solution comprises only a dark soliton when t 0, while they exhibit a mixture of n i lumps and a dark soliton when t 0. Hence, n i localized lumps are produced from the dark soliton in this process. However, in the case of γ = −1, the corresponding solutions are a hybrid of n i lumps and one dark soliton when t 0, but they merge into a dark soliton for t 0. In other words, these solutions describe a process which is opposite to that which happens for γ = 1, and the n i lumps are annihilated in this process.
To demonstrate these higher-order semi-rational solutions, we consider the case n i = 3. In this case, the functions f and g of the solutions can be obtained from equation ( 
where ξ 1 and ξ 1 are given by equations (2.5) and (2.6), respectively, δ 11 = 1, 0, and p 1 and c 13 are arbitrary complex parameters. Here, we have set c 10 = 1, c 11 = 0, c 12 = 0 in equation (2.3). Also, when one takes δ 11 = 0, the corresponding solutions turn out to be rational ones, which are threerogue wave solutions or three-lump solutions. As we only discuss the interaction between lumps and dark solitons, here we take δ 11 = 1 and other parameters satisfy the conditions defined in (2.7). In this situation, this kind of construction for higher-order semi-rational solutions leads to two opposite phenomena: three lumps emanating from a dark soliton, or merging into a dark soliton, which is determined by either γ = 1 or γ = −1.
For illustrative purposes, we fix all the parameters except γ , and take
in equation (3.13 ). This solution with parameter γ = −1 is shown in figure 5 . It is seen that this solution is composed of three lumps and a dark soliton when t 0 ( see the panel at t = −5). These three lumps and the dark soliton move opposite to each other. In the intermediate time, a fusion of three lumps and a dark soliton occurs (see the panels at t = ±1), i.e. these three lumps immerse into the dark soliton completely. When t 0, this solution describes a dark soliton (see the panel at t = 10). The case of γ = 1 is plotted in figure 6 . In this case, this solution is a dark soliton when t 0, while it is composed of three lumps and a dark soliton when t 0. Obviously, the fission of three lumps and a dark soliton happens. In other words, this solution describes a process which is opposite to that of the choice γ = −1. The time evolution of |S (1) | shown in figure 5 is given in the electronic supplementary material, fig5.gif.
We have also examined this subclass of semi-rational solutions even with larger n i for other parametric choices, and found that these solutions are qualitatively the same as those in figures 5 or 6, except that there are more lumps in the anti-dark state or in other states which also exhibit the annihilation or creation scenario.
(ii) Subclass 2: multi-semi-rational solutions Another subclass of non-fundamental semi-rational solutions is the multi-semi-rational solutions, which are obtained by taking N > 1, n i = 1, δ ii = 1 in theorem 2.1. These solutions display three types of coherent structures with distinct dynamical behaviours, as follows. 
the corresponding solutions describe the interaction between line rogue waves, lumps and dark solitons.
As we mainly focus on the phenomena of fission or fusion of lumps and dark solitons, we only discuss the type 2 in this paper, namely parameters satisfying constraint (2.7). The remaining types 1 and 3 will be analysed in a separate paper in detail.
To illustrate this subclass of semi-rational solutions, we consider the case of N = 2. In this case, the functions f and g Here,
, ξ i is given by (2.6), p 1 , p 2 , c 11 and c 21 are arbitrary complex parameters, and δ 11 = δ 22 = 1, δ 12 = δ 21 = 0, and these parameters satisfy the constraints defined in (2.7). Again, we discuss a special case of these semi-rational solutions, and set parameters as
The corresponding solutions with γ = −1, 1 are plotted in figures 7 and 8, respectively. Comparing with each other, these two figures undergo two opposite processes. In the case of γ = −1, the corresponding solution is a mixture of two lumps and two dark solitons as t 0 (see the panel at t = −30 in figure 7 ). When t 0, it only consists of two dark solitons (see the panel at t = 10 in figure 7) , i.e. the two lumps annihilate into the two dark solitons. Hence, this solution describes the fusion process of two lumps and two dark solitons. However, in the case of γ = 1, as seen in figure 8 , the corresponding solution is only composed of two dark solitons when t 0, but as t 0, in addition to two dark solitons, two lumps are created. Thus this solution describes the process of fission of two lumps and two dark solitons. The time evolution of |S (1) | shown in figure 7 is given in the electronic supplementary material, fig7. gif. (iii) Subclass 3: mixed-type semi-rational solutions
In the preceding two subclasses of semi-rational solutions, namely multi-semi-rational solutions and higher-order semi-rational solutions, all of the lumps will annihilate into or separate from the dark solitons finally. A natural motivation is to find a subclass of semi-rational solutions, which has the following two characteristics:
(1) Partial annihilation of lumps in a lump-dark soliton interaction. (2) Partial fission of a lump in a lump-dark soliton interaction.
Below we construct another subclass of non-fundamental semi-rational solutions, which possesses these two unique characteristics. These semi-rational solutions can be obtained by given by (2.7). As this subclass of non-fundamental semi-rational solutions is a combination of multi-semi-rational solutions and higher-order semi-rational solutions, we call it the mixed-type semi-rational solutions.
To demonstrate this type of semi-rational solution, we take N = 2, n 1 = 1, n 2 = 3 as an example. In this case, the corresponding solutions have different dynamical behaviours, which rely on the parameters γ , δ 11 , δ 22 . With a different choice of γ , δ 11 , δ 22 , these semi-rational solutions can be classified into the following five cases.
This solution (2.3) with parameters
is shown in figure 9 . It is seen that the solution is composed of three lumps and a dark soliton when t 0 or t 0. Thus there is no fission of lumps from or fusion into the dark soliton. This behaviour is different from the semi-rational solutions plotted in figures 5 and 6, in which the solution only consists of a dark soliton when t 0 or t 0. It is emphasized that altering the choice of γ as 1 or −1 does not change this process. This is a significant difference from the other semi-rational solutions discussed above or in the forthcoming part of this paper. The time evolution of |S (1) | shown in figure 9 is given in the electronic supplementary material, fig9.gif.
The solution corresponding to this case with parameters (3.19) is shown in figure 10 . It is seen that this solution describes a unique phenomenon that a triplet lump-dark soliton is converted into a single lump-dark soliton. This shows that there is a partial fusion of the lumps into a dark soliton. This scenario is distinct from the one displayed in figure 5 . As two lumps are absorbed by the dark soliton, there will be energy transfer between the lumps and the dark soliton.
In this case, the corresponding solution describes a process which is opposite to the case in which γ = −1. As can be observed from figure 11, this solution only consists of one lump and a dark soliton when t → −∞ (see the panel at t = −10 ). However, it is composed of three lumps and a dark soliton when t → +∞ (see the panel at t = 10 ). Hence, two new lumps are created from the dark soliton. It is apparent from figures 6 and 11 that the creation of additional lumps in the present case is a distinct process from that displayed in figure 6 . When one takes γ = −1, δ 11 = 1, δ 22 = 1, the corresponding solution describes the interaction between three lumps and two dark solitons ( figure 12 ). This solution consists of three lumps and two dark solitons when t 0, while it reduces to two dark solitons when t 0. Thus, these are three lumps that fuse into these two dark solitons. Note that these two solitons are nothing but dark-dark soliton bound states, which have the same velocity in both SW and LW components.
The corresponding solution in this case is shown in figure 13 , which describes a process opposite to that of case 4. It is seen that the solution is exclusively composed of two dark solitons when t 0. 
Conclusion
In this paper, we consider a general integrable multi-component (2 + 1)-dimensional LSRI system with arbitrary nonlinearity coefficients, which describes the nonlinear resonance interaction of multiple SWs with a LW in two spatial dimensions. By employing the bilinear method, the general semi-rational solutions of the LSRI system are derived, which are expressed in terms of determinants whose matrix elements satisfy simple algebraic expressions. These semirational solutions contain rich coherent structures, namely line rogue wave, lumps, breathers and dark solitons. Here, we consider a special coherent structure composed of lumps and dark solitons. This kind of semi-rational solution describes the interaction between lumps and dark solitons, which leads to two opposite scenarios: fusion and fission. The fundamental (simplest) semi-rational solutions describe the interaction between one lump and one dark soliton. The interaction results in an annihilation of the lump into or generation from the dark soliton, which is determined by the parameter γ = 1 or γ = −1 ( figures 1 and 2 ). The non-fundamental semirational solutions are classified into three subclasses as higher-order, multi-and mixed-type semi-rational solutions. The higher-order semi-rational solutions exhibit a process of fission of n i (n i ≥ 2) lumps from a dark soliton or a fusion of n i lumps into a dark soliton (figures 5 and 6). The multi-semi-rational solutions possess the characteristics N (N ≥ 2) lumps annihilate into or generate from N dark-dark solitons (figures 7 and 8). The mixed-type semi-rational solutions are a mixture of higher-order and multi-semi-rational solutions. Compared with the higher-order semi-rational solutions or multi-semi-rational solutions, the mixed-type semi-rational solutions have more intricate features, such as part of the lumps fissure from or fuse into multi-dark solitons, while the other lumps coexist with multi-dark solitons. Five interesting cases of the mixed semi-rational solutions are demonstrated through graphical illustrations. These new semirational solutions reported in this paper may also find applications in other branches of applied mathematics and physics as well as soliton collision-based computing. The related application is left for future studies.
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